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Abstract –The radio-frequency (RF) signal, observed in a Josephson junction, is shown to stem
from bound electrons, tunneling periodically through the insulating film. This holds also for the
microwave mediated tunneling. The Josephson effect is found to be conditioned by the same
prerequisite worked out previously for persistent currents and thermal equilibrium. The observed
negative resistance behaviour turns out to be unrelated to the Josephson effect and originates
from the properties of the superconducting current, flowing through the Josephson junction.
1-Introduction. – The Josephson effect was initially
observed [1,2] in the kind of circuit sketched in Fig.1 and
has kept arousing an unabated interest, in particular be-
cause of its relevance to quantum computation [3–5] and
more fundamental issues [6, 7]. For simplicity, both su-
perconducting leads A,B are assumed here to be made
out of the same material. They are separated by a thin
(< 10−9m) insulating film, enabling electrons to tunnel
through it. If A,B were made of a normal metal, a con-
stant current I = UsR+Rt would flow through the circuit.
Nevertheless, this simple setup has attracted considerable
attention because of Josephson’s predictions [8]:
1. there should be 〈I〉 6= 0 for 〈U〉 = 0 (〈I〉 , 〈U〉) refer
to time t averaged values of I(t), U(t));
2. I(t), U(t) should oscillate at frequency ω = 2e〈U〉~ with
e being the electron charge.
However the characteristic I(U), reproduced in Fig.2, in-
dicates rather 〈I〉 (〈U〉 = 0) = 0 with d〈I〉d〈U〉 (〈U〉 = 0) > 0.
Likewise, since the origin 〈I〉 = 〈U〉 = 0 is not indicated
in Fig.3 and the accuracy is poor, claim 1 cannot be val-
idated on the basis of the experimental data. Besides, a
periodic signal was indeed observed [2], but in the RF
range, i.e. ω < 100MHz, rather than in the microwave
one, i.e. ω > 1GHz, as inferred from Josephson’s formula,
given the measured 〈U〉 values, which does not buttress
the validity of 2 either. Consequently, the huge trove of
experimental data, documenting the electrodynamical be-
haviour of the Josephson junction, have been interpreted
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Fig. 1: Sketch of the electrical setup, operated to study the
Josephson effect. The Josephson capacitor consists in two su-
perconducting electrodes A,B (hatched area) straddling an in-
sulating film (dotted area); the insulator thickness has been
hugely magnified for the reader’s convenience. Us, U,R,Rt
stand, respectively, for the constant applied bias, the voltage
drop across the capacitor, a loading resistor inserted to mea-
sure the total current I and the tunneling resistance.
so far by resorting [9] to an empirical formula, relating
I(t), U(t) to Ginzburg and Landau’s phase ΦGL(t), intro-
duced [10] to describe the behaviour of the persistent cur-
rent on a phenomenological basis. Unfortunately, ΦGL is
not observable and the ΦGL based formula has long been
recognised [9] to account poorly for the observed charac-
teristic I(U). Consequently, the observations, made on
the Josephson junction, namely the above mentioned RF
signal, the microwave assisted effect [2] and the negative
resistance behaviour [2,9], are still ill-understood, so that
p-1
ar
X
iv
:2
00
3.
07
19
6v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
12
 M
ar 
20
20
Jacob Szeftel1 Nicolas Sandeau2 Michel Abou Ghantous3
< U > (mV)
< I >(mA)
Fig. 2: Characteristic I(U) recorded by Anderson and Rowell
[1].
a physical explanation of the Josephson effect is needed.
Therefore, this purpose will be tentatively achieved be-
low by studying the time-periodic tunneling motion [11]
of bound electron pairs [12,13] through the insulating bar-
rier.
The outline is as follows : the expression of the tunneling
current, conveyed by the independent electrons, is recalled
in section 2, whereas that of the bound electron current is
worked out in section 3; this enables us to solve, in section
4, the electrodynamical equation of motion of the circuit,
depicted in Fig.1; sections 5, 6 deal respectively with the
microwave mediated Josephson effect and the negative re-
sistance induced signal. The results are summarised in the
conclusion.
2-Random Tunneling. – As in our previous work
[12–16], the present analysis will proceed within the frame-
work of the two-fluid model, for which the conduction
electrons comprise superconducting and independent elec-
trons, in respective concentration cs, cn. The supercon-
ducting and independent electrons are organized, respec-
tively, as a many bound electron [13] (MBE), BCS-like
[17] state, characterised by its chemical potential µ, and
a Fermi gas [18] of Fermi energy EF . Assuming U =
UA − UB , eU > 0, the current, conveyed by the indepen-
dent electrons, will flow from A toward B and there is
eU = EAF − EBF , with EAF , EBF being the Fermi energy
in electrodes A,B, respectively. Hence, since the experi-
ments are carried out at low temperature, the correspond-
ing current density jn is inferred from the properties of
the Fermi gas [18] to read
jn =
e2ρ(EAF )vFT
2
U ⇒ Rt ∝ 1
ρ(EAF )
, (1)
with ρ(EF ), vF , T standing for the one-electron density
of states at the Fermi level, the Fermi velocity and the
one-electron transmission coefficient through the insulat-
ing barrier (⇒ 0 < T < 1). Two remarks are in order,
regarding Eq.(1)
• the independent electrons contribute thence the cur-
<U>
< I >
Fig. 3: Characteristic I(U) recorded by Shapiro [2]; vertical
scale is 58.8µV/cm, horizontal scale is 130nA/cm.
rent In(t) = U(t)/Rt to the total current I(t). How-
ever, despite In obeying Ohm’s law, the tunneling
electrons suffer no energy loss inside the insulating
barrier;
• because cn is expected to grow [13] at the expense of
cs with growing |I|, this implies that ρ(EF ) and Rt
will, respectively, increase and decrease with increas-
ing |I|.
3-Coherent Tunneling. – Unlike the random diffu-
sion of independent electrons across the insulating barrier,
the tunneling motion of bound electrons takes place as a
time-periodic oscillation to be analysed below. Their en-
ergy per unit volume E depends [12] on cs only and is
related to their chemical potential µ by µ = ∂E∂cs . Before
any electron crosses the barrier, the total energy of the
whole bound electron system, including the leads A,B,
reads
Ei = 2E(ce) + eceU , (2)
with ce referring to the bound electron concentration at
thermal equilibrium. Let n >> 1 of bound electrons cross
the barrier from A toward B. The total energy becomes
Ef = E(ce + n
V
) + E(ce − n
V
) + e(ce − n
V
)U , (3)
with V being the volume, taken to be equal for both leads
A,B. Energy conservation requires Ei = Ef , which leads
finally to
n =
eV
∂µ
∂cs
(ce)
U . (4)
The twofold degenerate wave-functions ϕi, ϕf , associ-
ated with the eigenvalue Ei = Ef , read
ϕi = ϕA(ce)⊗ ϕB(ce)
ϕf = ϕA(ce − nV )⊗ ϕB(ce + nV )
, (5)
with ϕ(cs) being the MBE, cs dependent eigenfunction
[13, 17]. The coherent tunneling motion of n electrons
p-2
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across the barrier is thence described by the wave-function
ψ(t), solution of the Schro¨dinger equation
i∂ψ∂t = Hψ
H = ωtσx , ωt = 〈ϕi |Vb|ϕf 〉 . (6)
The HamiltonianH and the potential barrier Vb, hindering
the electron motion through the Josephson junction and
including the applied voltage U , are expressed in frequency
unit, V Ei~ is taken as the origin of energy, whereas ψ and
the Pauli matrix [19] σx have been projected onto the basis
{ϕi, ϕf}. The tunneling frequency ωt is taken to lie in the
RF range, i.e. ωt < 100MHz, as reported by Shapiro [2].
Finally Eq.(6) is solved [19] to yield
ψ(t) = cos
(
ωtt
2
)
ϕi − i sin
(
ωtt
2
)
ϕf , (7)
whence the charge Qs,−Qs, piling up in A,B respectively,
is inferred, thanks to Eq.4, to read
Qs(t) = −ne |〈ψ(t)|ϕf 〉|2 = CeU sin2
(
ωtt
2
)
,
with the effective capacitance Ce = − e2V∂µ
∂cs
(ce)
. Since ∂µ∂cs <
0 has been shown to be a prerequisite for the existence
of persistent currents at thermal equilibrium [12, 13], it
implies that Ce > 0. In addition, given the estimate [13] of
∂µ
∂cs
, it may take a very large value up to Ce ≈ 1F . At last,
by contrast with In being incoherent, the bound electrons
contribute an oscillating current Is(t) = Q˙s =
dQs
dt to I(t).
4-Electrodynamical Behaviour. – The total cur-
rent I(t) comprises 3 contributions, namely In =
U
Rt
, Is =
Q˙s and a component CU˙ , loading the Josephson capacitor,
so that the electrodynamical equation of motion reads
Us = U +RI , I =
U
Rt
+ Q˙s + CU˙ ,
which is finally recast into
U˙ =
Us − U
(
1 + RRt +
RCeωt
2 sin (ωtt)
)
R
(
C + Ce sin
2
(
ωtt
2
)) . (8)
It is worth noticing that, due to
∣∣Ce
C
∣∣ >> 1, the denom-
inator in the right-hand side of Eq.(8) would vanish for
Ce < 0, at some t value, so that Eq.(8) cannot be solved
unless Ce > 0 ⇒ ∂µ∂cs < 0, which confirms a previous
[12, 13] conclusion, derived independently.∣∣∣ ∂µ∂cs ∣∣∣ is expected [13] to increase with increasing |I| and
to vanish for |I| > IM , the maximum value of the bound
electron current, because the sample goes thereby nor-
mal. Consequently for practical purposes, Eq.(8) has been
solved by assuming Rt (|I| ≤ IM ) = R0g
(∣∣∣ IIM ∣∣∣) + Rn,
Rt (|I| > IM ) = Rn with R0Rn >> 1, Ce (|I| ≤ IM ) =
C0g
(∣∣∣ IIM ∣∣∣), Ce (|I| > IM ) = 0 with C0C >> 1 and C
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Fig. 4: Semi-logarithmic plots of the periodic solution U(t)
of Eq.(8), calculated for ωt = 1MHz, 100MHz and IM =
1mA, 0.1mA; UM = (R+Rn) IM and uM is the maximum
value of
∣∣∣U(t∈[0, 2piωt ])∣∣∣
Us
.
being the capacitance of the Josephson junction and fi-
nally g(x) = 1 − x2. Regardless of the initial condition
U(0), the solution U(t) of Eq.(8) becomes time-periodic,
i.e. U (t) = U
(
t+ 2piωt
)
,∀t, after a short transient regime.
Eq.(8) has been solved with the assignments C =
1pF,C0 = 1mF,R = 10Ω, Rn = 100Ω, R0 = 10KΩ, and
the corresponding U(t) have been plotted in Fig.4. The
large slope
∣∣dU
dt (0)
∣∣ >> 1 stems from C0C >> 1. Since
no experimental data of U(t), R0, Rn, Ce, C have been re-
ported in the literature to the best of our knowledge, no
comparison between observed and calculated results can
be done. Nevertheless, the large uM >> 1 values, seen in
Fig.4 (uM has been found to increase very steeply with Us
decreasing toward 0), have been observed [2].
The characteristics I(U), plotted in Fig.5, have been
reckoned as
〈f〉 = ω
2pi
∫ 2pi
ω
0
f(u)du ,
p-3
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Fig. 5: Logarithmic and semi-logarithmic plots of the char-
acteristics I(U), calculated for ωt = 1MHz, 100MHz, respec-
tively, and IM = 1mA, 0.1mA, with x =
〈U〉
IM
, y = 〈I〉
IM
, z = 〈U〉
Us
.
with f = U, I. In all cases, there is 〈I〉 (0) = 0 with
d〈I〉
d〈U〉 (0) > 0 in agreement with the experimental data in
Fig.2. However the slope d〈I〉d〈U〉 (0), calculated for ωt =
100MHz, is much larger than the one at ωt = 1MHz.
Accordingly, the characteristics, reproduced in Figs.2,3,
differ markedly by their slope at the origin, which might
thence hint at very different tunneling frequencies. At last,
there are no observed 〈I〉 data in Fig.3 over a broad 〈U〉
range, starting from 〈U〉 ≈ 0 up to a value big enough
for the sample to go into the normal state, characterised
by constant I = In > IM . This feature might result [2]
from Us ∝ sin(ωpt) with ωp = 60Hz. Thus since the tun-
neling frequency ωt is expected to decrease exponentially
[11] with increasing n and thence U , this entails that the
signal could indeed no longer be observed for ωt < ωp.
5-Microwave Mediated Tunneling. – By ir-
radiating the Josephson junction, depicted in Fig.1,
with an electromagnetic microwave, Shapiro observed
[2] the step-like characteristic I(U), recalled in Fig.6.
The discontinuities of d〈I〉d〈U〉 , showing up at 〈U〉 = m~ω2e
with m > 0 being an integer, brought forward a cogent
proof that the MBE state comprises an even number of
electrons. In order to explain this experimental result, let
us begin with studying the microwave induced tunneling
of one bound electron pair across the Um =
m~ω
2e biased
barrier. The corresponding Hilbert space, describing the
system before and after crossing, is subtended by the basis{
ϕi = ϕA(ce)⊗ ϕB(ce), ϕ1 = ϕA(ce + 2V )⊗ ϕB(ce − 2V )
}
of respective energies V Ei, V Ei + m~ω. The tunneling
motion of one electron pair is then described by ψ0(t),
solution of the Schro¨dinger equation
i∂ψ0∂t = H0(t)ψ
H0 = mωσz + 2 (ωt + ωr sin (ωt))σx
. (9)
The Hamiltonian H0 is expressed in frequency unit,
V Ei
~ +
mω
2 is taken as the origin of energy, ωr stands for the
dipolar, off-diagonal matrix element [20] (the microwave
power is ∝ ω2r), and σz, σx are Pauli matrices [19], pro-
jected onto {ϕi, ϕ1}. It is worth pointing out that Eq.(9)
could be readily solved like Eq.(6), if H0 were t indepen-
dent. Accordingly, in order to get rid of the t dependence
of H0, we shall take advantage of a procedure devised for
nonlinear optics [21,22].
To that end, H0 is first recast into
H0 = P0 + f(t)σx , (10)
for which P0 = mωσz + 2ωtσx is a Hermitian, 2 × 2,
t independent matrix, such that (P0)1,1 + (P0)2,2 = 0,
(P0)2,2 − (P0)1,1 = mω, and f(t) = ωr sin (ωt) is a real
function of period = 2piω , having the dimension of a fre-
quency, such that 〈f〉 = ∫ 2piω
0
f(t)dt = 0. Then H0 is
projected onto {ψ−, ψ+}, the eigenbasis of P0
G = TH0T
−1 = σz + d(t)σz + g(t)σx . (11)
T is the unitary transfer matrix from {ϕi, ϕ1} to {ψ−, ψ+}
and σz, σx have been projected onto {ψ−, ψ+}. The cor-
responding eigenvalues are ∓ 2 with  =
√
(mω)2 + ω2t ≈
mω because of ωt << ω, while the real functions d(t), g(t)
have the same properties as f(t) in Eq.(10). Let us now
introduce [21, 22] the unitary transformation R1(t), oper-
ating in the Hilbert space, subtended by {ψ−, ψ+}
R1(t) = e
iΦ(t) |ψ−〉 〈ψ−|+ e−iΦ(t) |ψ+〉 〈ψ+| , (12)
with the dimensionless Φ(t) = ωt2 −
∫ t
0
d(u)du. We then
look for ψ1 = R
−1
1 ψ0, solution of the Schro¨dinger equation
i∂ψ1∂t = H1ψ1 , H1 = R
−1
1 GR1 − iR−11 R˙1
H1 = P1 + <(z1(t))σx + =(z1(t))σy
P1 = σz + 2ω1σx
, (13)
for which the Hermitian 2×2 matrix P1 has the same prop-
erties as P0 in Eq.(10), except for (P1)2,2− (P1)1,1 ≈ (m−
1)ω, (P1)2,1 = ω1 = ωr/2 instead of (P0)2,2 − (P1)1,1 =
p-4
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Table 1: calculated |ωm|, δm values with ω = 10GHz, ωr =
100MHz and ωt = 100MHz, 1MHz.
ωt = 100MHz ωt = 1MHz
m |ωm|ωr δm
|ωm|
ωr
δm
1 0.5 2× 10−4 0.5 2× 10−8
2 5× 10−5 8× 10−5 5× 10−7 3× 10−5
3 3× 10−6 3× 10−5 3× 10−6 8× 10−6
4 10−10 2× 10−5 6× 10−13 4× 10−6
5 5× 10−12 10−5 5× 10−12 3× 10−6
6 5× 10−13 7× 10−6 5× 10−13 2× 10−6
7 5× 10−13 5× 10−6 5× 10−13 10−6
8 7× 10−13 4× 10−6 7× 10−13 9× 10−7
9 10−12 3× 10−6 10−12 7× 10−7
10 3× 10−12 3× 10−6 3× 10−12 6× 10−7
11 4× 10−12 2× 10−6 4× 10−12 5× 10−7
mω, (P0)2,1 = ωt, the Pauli matrices σz, σx, σy have been
projected onto {ψ−, ψ+}, and <(z1(t)),=(z1(t)) which are
the real and imaginary parts of the complex function z1(t),
have the same properties as f(t) in Eq.(10). Consequently,
iterating this procedure m of times yields finally
i∂ψm∂t = Hmψm
Hm = Pm + <(zm(t))σx + =(zm(t))σy
Pm = ησz + 2 (<(ωm)σx + =(ωm)σy)
, (14)
for which the Pauli matrices σz, σx, σy have been pro-
jected onto the eigenbasis of Pm, {ψ−, ψ+}, and η ≈ 0,
|ωm| << ωr. The Fourier series <(zm(t)),=(zm(t)) of fun-
damental frequency ω play no role, because the resonance
condition [19]
∣∣∣(Pm)1,1 − (Pm)2,2∣∣∣ = ω is not fulfilled due
to
∣∣∣(Pm)1,1 − (Pm)2,2∣∣∣ = |η| << ω, so that Eq.(14) is fi-
nally solved, similarly to Eq.(6), to give
ψm = cos
( |ωm|t
2
)
ψ− − i sin
( |ωm|t
2
)
ψ+ .
The solution of Eq.(9) is thereby inferred to read
ψ0(t) =
 ∏
i=1,m
Ri(t)
ψm(t) .
Um can be fitted to get η = 0. Thus, for the sake of
illustration, calculated |ωm| and δm = 1 − 2eUmm~ω are indi-
cated in table 1. As expected, |ωm| decreases steeply with
increasing m but, remarkably enough, |ω2m+1| decreases
more slowly than |ω2m|, all the more so since ωt is weaker.
This property ensues [19,20] from ω2m = 0,∀m for ωt = 0.
Let us neglect 2eUmV Ei < 10
−20, so that the energy of ψ0
is taken to be constant and equal to V Ei. The coherent
tunneling of n >> 2 of bound electrons will thence be de-
scribed in the basis {ψ0, ϕf} by Eq.(7), except for 〈U〉 −
Um, 〈Im〉 showing up instead of 〈U〉, 〈I〉, respectively,
<U>
< I >
Fig. 6: Characteristics I(U), recorded by Shapiro [2] at 9.3GHz
for A (vertical scale is 58.8 pV/cm, horizontal scale is 67
nA/cm) and 24.85GHz for B (vertical scale is 50 pV/cm, hor-
izontal scale is 50 pA/cm).
which entails that 〈Im〉 (〈U〉 − Um) = 〈I〉 (〈U〉), as illus-
trated by Fig.5. Likewise, the contributions 〈Im=1,2,3...〉
will add up eventually to give the step-like characteristic
I(U), recalled in Fig.6. At last, Shapiro noticed [2] that
some contributions 〈Im〉 were missing in Fig.6. As ex-
plained above in section 4, this might result from the cor-
responding |ωm| < ωp and thence would confirm ωt << ω.
6-Negative Resistance. – Signals U(t), I(t) ∝
sin(ωt), with the RF frequency ω defined by the resonance
condition LCω2 = 1, have been observed [9] in the kind
of setup, sketched in Fig.7. Due to ω 6= ωt, the bound
electron tunneling plays no role and the oscillation rather
stems from Rt(I) decreasing [13] down to Rn with |I| in-
creasing up to IM , as indicated in section 4. Accordingly,
since the voltage drop across the coil is equal to LI˙ and
U, I are related together by I = URt + CU˙ , the electrody-
namical equation of motion reads
U¨ = ω2(Us − U)− U˙
RtC
. (15)
Linearising Eq.(15) around the fixed point U0 = Us ⇒
I0 =
Us
Rt(I0)
yields the differential equation
U¨ = −ω2U − U˙
ReC
, (16)
with the effective resistance Re, defined by Re = Rt(I0) +
I0
dRt
dI (I0). Due to
dRt
dI < 0, the fixed point may be unsta-
ble in case of negative resistance Re < 0, which will give
rise to an oscillating solution of Eq.(15), U(t) ∝ sin(ωt).
As a matter of fact, integrating Eq.(15) leads to the
sine-wave, depicted in Fig.8. Note that, unlike U(t) in
p-5
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Fig. 7: Sketch of the electrical setup, displaying the negative
resistance behaviour. L refers to the self-inductance of the coil.
Fig.4, every harmonic ∝ sin(mωt) with m > 1 is effi-
ciently smothered by the resonating L,C circuit due to
LC(mω)2 6= 1 for m > 1. At last, we have checked
that Eq.(15) has no sine-wave solution for R0Rn < 50 or
Us > RnIM , because those inequalities entail that Re > 0.
7-Conclusion. – All experimental results [1,2], illus-
trating the Josephson effect, have been accounted for on
the basis of bound electrons tunneling periodically across
the insulating barrier. Likewise, the very existence of the
Josephson effect has been shown to be conditioned by
∂µ
∂cs
< 0, which had previously been recognized as a pre-
requisite for persistent currents [12] and thermal equilib-
rium [13] too. The negative resistance feature [9] has been
ascribed to the tunneling resistance of independent elec-
trons decreasing with increasing current, flowing through
the superconducting electrodes, which confirms the valid-
ity of an analysis of the superconducting-normal transi-
tion [13]. This work makes no use of Ginzburg and Lan-
dau’s phase which conversely plays a paramount role in
the mainstream view [3,4, 6, 7].
Remarkably enough, the signature of the Josephson ef-
fect, namely the periodic current due to bound electrons,
has no counterpart in the microscopic realm. For instance,
the electrons, involved in a covalent bond, cannot tunnel
between the two bound atoms because of their thermal de-
cay toward the bonding groundstate. As for the Josephson
effect, the bonding eigenfunction and its associated energy
would read ϕb =
ϕi+ϕf√
2
and V Ei − ~ωt2 , respectively, but
the relaxation from the tunneling state ψ(t) in Eq.(6) to-
ward ϕb might occur only inside the insulating barrier,
which is impossible because the valence band, being fully
occupied, can thence accomodate no additional electron.
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